It is also possible to generalize the t-J model to large-N by introducing N flavors of bosons per site [A2] . The large-N mean field theory predicts spiral magnetic phases at finite doping concentrations [J1] . Recently however, the fluctuation determinant has been found to be unstable (negative) in a range of momenta. The offending fluctuations were identified as local enhancements of the spiral distortion. Clearly, the holes drive strong perturbations of the spins on the lattice constant scale. These are difficult to treat by direct application of continuum and mean field approximations on the Hubbard and t-J models. This is why we shall concentrate on the large-S expansion.
SPIN-HOLE COHERENT STATES
Spin coherent states have been fruitfully used by Haldane to map the QHM onto the non linear sigma model [H1] . The construction of the spin coherent states path integral allowed a simple derivation of the topological Berry phases. The large-S expansion of this path integral provides a unified semiclassical treatment of the ordered and disordered phases of the quantum antiferromagnet. In the ordered phase, one obtains the usual spin wave expansion about the Néel state, which yields a very good approximation for the ground state staggered magnetization and uniform susceptibility even for spin 1/2 [C1] .
In this lecture we generalize this approach to represent the t-J model by defining "spin-hole coherent states". This will allow us to treat the short range interactions carefully, while observing the local constraints. We derive a semiclassical expansion of the ground state and low excitations in the presence of holes. Although the expansion is formally controlled by the large spin size S, at low doping we may rely on the success of this approximation for the S=1/2 QHM.
Spin coherent states of spin S are defined as
whereΩ is a unit vector, and
θ, φ are the lattitude and longitude angles on the unit sphere. The spin-hole coherent states are defined as follows:
where ξ is an anticommuting Grassman variable. The states (2.3) allow a resolution of the identity, while conserving the constraint (1.9) for any given S-sector:
The factor α S = (2S + 1)/(2S) is required for normalizing the matrix elements to unity. We shall be able to replace α by unity, by renormalizing the chemical potential µ in the grand cannonical ensemble.
By repeatedly inserting the resolution of the identity (2.4) in the Trotter product expansion of the density matrix, we following the standard procedure [H1] and construct the path integral for the partition function:
(2.5) where
is a function of the variables θ i , φ i , ξ i , and
is the spin-kinetic term. The coordinate invariant notation uses the gauge potential A(Ω) which describes the vector potential of a unit magnetic monopole at the center of the sphere. The integral of the (2.7) over a closed loop on the sphere yields the solid angle enclosed by that loop. The Grassman "time derivative" is defined in its discrete form:
where ǫ is the infinitesimal timestep. H tJ has quadratic and quartic terms in the Grassmann variables. It is possible to integrate out the Grassmans exactly only for quadratic hamiltonians. Therefore, we decouple the four-fermion terms by a Hartree-Fock approximation. For our purposes this approximation will be justified by the following arguments: (i) holecorrelation corrections to this Hartree-Fock decoupling are higher order in hole density and (ii) the quartic terms vanish in the ferromagnetically correlated regions, where the hole density will turn out to be significant.
Thus we arrive at a model which is quadratic in the Grassman variables:
γ ij and ψ ij are the phases of u *
f j is to be determined self-consistently, by solving for the Fermion ground state in the presence of a spin configuration {Ω}.
The hole hamiltonianH
f describes two distinct hopping processes: intersublattice hopping ("t-terms") and intra-sublattice hopping ("J-terms"). When the spinsΩ i have short range antiferromagnetic order the γ phases in the t-terms fluctuate wildly, while
n ≈ η iΩi is the staggered magnetization (Néel) field, where η i = +1, (−1) on sublattice A (B) is the "sublattice charge". ∇ × A N i is the "topological charge density" whose integral for continuos fields on a compact surface, is invariant [P1] .
Weigmann, Wen, Shankar and Lee have studied Lagrangians which contain similar intra-sublattice A N -coupled hopping terms in the context of high T c superconductivity [W1] . Their starting model differed however from the t-J model in that it did not contain the inter-sublattice hopping terms (t-terms). These terms are not A N -gauge invariant, and do not conserve the sublattice charges. The t-terms cannot be neglected, especially in thet/J > 1 regime. We shall see, however, that in the large-S limit they are dynamically eliminated from the low energy and long wavelength Lagrangian.
We begin by integrating out the fermions to obtain a purely spin partition function
11) where
is the fermion free energy in the presence of a general spin historyΩ(τ ). T τ is the time ordering operator. Here we concentrate on the zero temperature case β = ∞. Eq. (2.11) is a useful starting point for the semiclassical approximation. In the classical limit, S → ∞, the kinetic term is so large, that the only important configurations in the path integral are classical, i.e. the spins are frozen and Ω = 0.
One has therefore to minimizeH J + E f with respect toΩ for a given chemical potential or a specified number of holes. The second step is include the semiclassical fluctuations whose dynamics are controlled by the kinetic term. We discuss the single hole and the many hole cases seperately.
RESULTS
In Ref. [A3] , a Lanzcos algorithm on the Connection Machine was used to minimize the energy for 128 × 128 spins. The following results were found:
T he single hole:
In the regimet/J > 0.87, we have found that the "polaron" which is a local alignement of spins, yields a lower energy than any of the possible uniform states, including: the Néel state, spiral states and canted states. This result helps to explain why the uniform spiral states were found to be unstable against short wavelength distortions in the mean field theory [A2] . The polaron variational parameters were chosen to describe a ferromagnetic core, a transition region, and a far field antiferromagnetic tail. The latter is completely determined by the boundary condition δθ and the pure Heisenberg model (i.e. the Laplace equation).
Our results are quite simple. For 1 <t/J < 4.1 the single hole energy is minimized by the five-site polaron (one flipped spin), depicted in Fig. 1 . The hole density is approximately 1/2 and 1/8 on the central and neigboring sites respectively, with a small amount of leakage (due the J-terms in (2.9)) to sites further away. For 4.1 <t/J < 6.6, the polaron has two flipped spins (diagonally across a plaquette), and at larger values the core radius increases slowly as R c ∼ (t/J) 1/4 , and the energy goes asymptotically as ǫ h + 4t ∼ (Jt) 1/2 . The most important fact is that the small polarons do not distort the Néel background. In particular, the configurations centered on a bond [A4] are considerably higher in energy. We also find that the polarons have no tails [S1] , i.e. δθ = 0, throughout the regime discussed above. This follows from competing contributions of order ±J(δθ) 2 ofH J and E f . Since in addition, the density ρ is exponentially localized near the polaron sites, we conclude that the classical interactions between polarons are short ranged.
The polaron breaks the lattice translational symmetry. This symmetry is restored by tunneling events, where two spins i and k simultaneusly flip their orientation (see Fig. 1 ). The tunneling matrix element Γ ik (the polaron's hopping rate), is non-perturbative in S −1 : J + E f are conserved along the tunneling pathS z i (φ) which minimizes the action. As a result of these conservation laws, we obtain a selection rule: tunneling can only take place between sites on the same sublattice! This, in effect, amounts to the elimination of the inter-sublattice "t-terms".
α ik , β ik are slowly varying dimensionless functions oft andJ. For five site polarons, the number of spins involved in the tunneling path is at least three. For S = 1 2 we estimate the exponent to be roughly unity, but a fuller treatment of the multidimensional tunneling problem is required for a quantitative determination of Γ and the polaron's effective mass.
The single polaron in a perfect Néel background occupies a Bloch wave of dispersion ǫ k = 2Γ c (cos(2k x ) + cos(2k y )) + 2Γ b (cos(k x + k y ) + cos(k x − k y )), where c, b denote the site of the other flipped spin as labelled in Fig. 1 . By energetic arguments, Γ b ≤ Γ c . A Berry's phase calculation of the tunneling matrix elements for S=1/2, yields an overall positive sign for Γ c , Γ b > 0. Thus the single polaron energy is minimized at k = (π/2, π/2). This result agrees with other studies of the single hole spectral function in the t-J model [S2] . For small deviations of the background spins from antiferromagnetic order the tunneling rate Γ ik is modulated by the overlap of the background and the perfectly antiferromagnetic configurations. This overlap is just exp
A N and η i are the aforementioned Néel gauge field and sublattice charge respectively. We notice that A N couples in a gauge invariant way to the polarons, and that the sublattice charges are conserved in the hopping.
Interactions:
The interactions between two polarons were computed in the regimet/J = 1 − 4. We define U p ij = 1 2 e ij − 2e h , where e ij is the relaxed energy of a two-hole polaron with flipped spins at sites i and j. U p ii is repulsive, and of order 0.6J −2.6J. The intersite interactions, for neigboring polarons at sites (a)-(d) (see Fig. 1 .) are plotted in Fig. 2 .
We find both attractive and repulsive interactions, and it is interesting to note that fort/J < 1.8 there is a near neigbour attraction of antiferromagnetically correlated spins. We also consider the possibility of polaron condensation into holerich domains [I1] . The condensation energy per hole is determined by minimizing it with respect to the spin configuration, and the density. The spins in the holerich domains align ferromagnetically, and the energy per hole is given by e f m = −4t + 4 √ BJtπ. This results coincides with that of Emery, Kivelson and Lin [I1] , except that their quantum correction factor B=0.584 is here set to 1/2. In Fig.  2 ., the condensation energy ∆e c = e f m − e h is plotted. We find that it becomes negative att/J = 2.7, above which phase-separation will occur for large S.
Attractive interactions and negative classical condensation energies may yield charge density waves or superconductivity in the ground state of the quantum model. However, if realistic intersite Coulomb repulsions are added to the t-J model, the short range interactions may change sign. In particular, phase separation may be supressed, or pushed to higher values oft/J. The information given above allows us to write the effective Lagrangian for a dilute system of small polarons:
2) is the most important result. L s−p describes a two charge system of spinless Fermions p i with short range interactions U p ij coupled to Heisenberg spins. The formation of polarons can be viewed as a strong short-wavelength dressing of the original f-holes by the spins. As a consequence, the uncomfortable t-terms have been conveniently eliminated, and the effects of holes on the spin background is short ranged. This Lagrangian describes the low lying excitations of the so-called t'-J Hamiltonian
A major advantage of the t'-J model over the t-J model is that in the small concentration limit δ << 1, (3.2) is amenable to the continuum approximation. Following Haldane [H1] the spin interactions can be relaced by the (2+1) dimensional non linear sigma model, with δ dependent renormalized stiffness constant and spin wave velocity. The precise evaluation of the sigma model parameters for finite δ is beyond the scope of this paper, but we expect that above some critical density δ > δ c the ground state is disordered [C2] , i.e. a "spin liquid". In the massive "spin liquid" phase, Eq. (3.2) reduces to Wiegmann, Wen , Shankar and Lee's model [W1] :
where m is the effective mass at k = (π/2, π/2), and the "electromagnetic" Néel-fields are
. κ is the inverse spin correlation length, which is also the coupling constant of the gauge field. Previous analyses [W1] have concluded that the ground state of (3.4) is most likely an RVB-type superconductor. Lee argued that the pairing is caused by two effects: (i) attraction between the opposite charges induced by the Néel gauge field, and (ii) suppression of coherent single particle propagation due to fluctuating Bohm-Aharonov phases, while the pairs p † + p † − propagate as free bosons. Both (i) and (ii) are only valid in the magnetically disordered phase, a pleasing feature which agrees with the phase diagrams of the copper oxide superconductors.
Aside from the mechanism of superconductivity, the small polaron theory could be checked numerically on finite lattice Monte-Carlo simulations, and experimentally in the copper-oxides and other doped antiferromagnets. For example: the polaron size can be estimated by NMR techniques [M1] , and its internal excitations could be probed by optical absorption. In the frozen moments regime, one expects the polarons to exhibit conductivity typical of weakly localized semiconductors [C3] .
